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We characterize the h-stability in variation for nonlinear difference systems via
n -similarity and Lyapunov functions. Furthermore, using Lyapunov’s method and
comparison principle, we obtain some results related to stability for the perturba-
tions of nonlinear difference systems.  2001 Academic Press
1. INTRODUCTION
We consider the nonlinear difference system
x n 1  f n , x n , 1.1Ž . Ž . Ž .Ž .
and its perturbed difference system
y n 1  f n , y n  g n , y n , 1.2Ž . Ž . Ž . Ž .Ž . Ž .
Ž . m m Ž .  4where f , g : n   ,  n  n , n  1, . . . , n  k, . . . , and0 0 0 0 0
 fŽ . Ž .f n, 0  g n, 0  0. We assume that f  exists and is continuous andx  x
Ž . m Ž . Ž . Ž . Ž .invertible on  n  . Let x n  x n, n , x and y n  y n, n , y0 0 0 0 0
Ž . Ž .be the unique solutions of 1.1 and 1.2 satisfying the initial conditions
Ž . Ž .x n , n , x  x , y n , n , y , respectively. Also, we consider its associ-0 0 0 0 0 0 0
1 This study was supported by KRF-99-015-DI0011.
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ated variational systems
 n 1  f n , 0  n 1.3Ž . Ž . Ž . Ž .x
and
z n 1  f n , x n , n , x z n . 1.4Ž . Ž . Ž . Ž .Ž .x 0 0
Ž . Ž .The fundamental matrix solution  n, n , 0 of 1.3 is given by0
 x n , n , 0Ž .0
 n , n , 0 Ž .0  x0
Ž . Ž .and the fundamental matrix solution  n, n , x of 1.4 is given by0 0
 Lakshmikantham and Trigiante 7 ,
 x n , n , xŽ .0 0
 n , n , x  .Ž .0 0  x0
 The symbol  will be used to denote any convenient vector norm in the
m-dimensional real euclidean space m.  is the forward difference
Ž . Ž . Ž . Ž .operator with unit spacing; i.e., u n  u n 1  u n . Let V : N n0
m  Ž . Ž . Ž . R  R  0, be a function, V n, 0  0 for all n n , and V n, x0
positive defined and continuous with respective to the second argument.
We will denote the total difference of the function V along the solutions x
Ž .of 1.1 by
V n , x  V n 1, x n 1, n , x  V n , x n , n , x .Ž . Ž . Ž .Ž . Ž .Ž1.1.
   This paper is a continuation of our paper 4 . In 4 , we proved that the
Ž . Ž .solution z 0 of 1.4 is h-stable when the solution   0 of 1.3 is
Ž . Ž Žh-stable under the assumption that f n, 0 is n -similar to f n, x n, n ,x  x 0
..x . Thus we established that the two concepts of h-stability and h-stability0
in variation are equivalent. In this paper we show that the two concepts of
global h-stability and global h-stability in variation are equivalent by using
Ž .the concepts of n -similarity and the Lyapunov function Theorem 2.1
Ž .and give an example Example 4.2 . Also, we show that h-stability of the
Ž .perturbed system 1.2 can be derived from h-stability in variation of the
Ž . Ž . Ž .nonlinear system 1.1 Theorem 3.3 and give an example Example 4.4 .
When we study the asymptotic stability it is not easy to work with
 nonexponential types of stability. Medina and Pinto 814 extended the
study of exponential stability to a variety of reasonable systems called
h-systems. They introduced the notion of h-stability for difference systems
as well as for differential systems. To study the various stability notions of
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 nonlinear difference systems, the comparison principle 7 and the varia-
 tion of parameter formulae by Agarwal 1, 15 play a fundamental role.
 Now, we recall some definitions of stability notions in 8, 14 .
Ž .DEFINITION 1.1. System 1.1 is called an h-system around the null
solution, or more briefly an h-system, if there exist a positive function
Ž .h : n  and a constant c 1, such that0
1 x n , n , x 	 c x h n h n , n nŽ . Ž . Ž .0 0 0 0 0
11  Ž Ž . .for x small enough here h n  .Ž .0 h n
The function h as well as the constant c depends only on f. If h is a
bounded function, then an h-system permits the following type of stability:
Ž .DEFINITION 1.2. The zero solution of system 1.1 , or more briefly
Ž .system 1.1 , is said to be
Ž .hS h-stable if c 1,  exist as well as a positive bounded function
Ž .h : n  such that0
1 x n , n , x 	 c x h n h n , n nŽ . Ž . Ž .0 0 0 0 0
 for x 	  ,0
Ž . Ž .GhS globally h-stable if system 1.1 is hS for every x 
D, where0
Dm is a region which includes the origin,
Ž . Ž .hSV h-stable in ariation if the zero solution of system 1.4 is hS,
Ž .GhSV globally h-stable in ariation if the zero solution of system
Ž .1.4 is GhS.
Ž .DEFINITION 1.3. The zero solution of 1.1 is said to be
Ž .GUSGV globally uniformly slowly growing in ariation if there exist
two positive constants L and  1 such that0
nn0   n , n , x 	 L  for n n , x  ,Ž .0 0 0 0 0
Ž .GESV globally exponentially stable in ariation if there exist two
positive constants L and 0  1 which are independent on the initial
values, such that
nn0   n , n , x 	 L for n n , x  .Ž .0 0 0 0
The various notions about h-stability given by Definition 1.2 include
several types of known stability properties as uniform stability, uniform
 Lipschitz stability, and exponential asymptotic stability. See 3, 4, 1014 .
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 The notion of t -similarity in matrices was introduced by Hewer 6 . He
studied several stability properties of the variational equations for differ-
ential equations. We introduce the notion of n -similarity which is the
corresponding one for the discrete case.
Ž .Let  denote the set of all mm invertible matrices A n defined on
Ž . n and  be the subset of  consisting of those nonsingular bounded0
Ž . 1Ž .matrices S n that S n is also bounded.
Ž . Ž .DEFINITION 1.4. A matrix A n 
 is n -similar to a matrix B n 

Ž . Ž . if there exists an mm matrix F n absolutely summable over  n ,0
i.e.,

F l  Ž .Ý
ln0
such that
S n 1 B n  A n S n  A n F nŽ . Ž . Ž . Ž . Ž . Ž .
Ž .for some S n 
.
 For the example of n -similarity, see 4 .
2. MAIN RESULTS
 For the linear difference systems, Medina and Pinto 13 showed that
GhSVGhS hS hSV.
Also, the associated variational system inherits the property of hS from the
Ž .original nonlinear system; i.e., the zero solution   0 of 1.3 is hS when
Ž .  the zero solution x 0 of 1.1 is hS in Theorem 2 of 13 . Our purpose is
to characterize the global stability in variation via n -similarity and Lya-
punov functions. To do this, we need the following lemmas.
 LEMMA 2.1 13 . The linear difference system
y n 1  A n y n , y n  y , 2.1Ž . Ž . Ž . Ž . Ž .0 0
Ž .where A n is an mm matrix, is an h-system if and only if there exist a
Ž .constant c 1 and a positie function h defined on  n such that for eery0
x 
m,0
1 n , n , 0 	 ch n h n ,Ž . Ž . Ž .0 0
Ž .for n n , where  is the fundamental matrix solution of 2.1 .0
VARIATIONALLY STABLE DIFFERENCE SYSTEMS 591
  Ž . Ž .LEMMA 2.2 14 . Assume that x n, n , x and x n, n , y are the solu-0 0 0 0
Ž . Ž . Ž .tions of 1.1 through n , x and n , y , respectiely, which exist for0 0 0 0
n n and such that x and y belong to a conex subset D of m. Then for0 0 0
n n ,0
x n , n , y  x n , n , xŽ . Ž .0 0 0 0
1
  n , n , x  s y  x ds  y  x . 2.2Ž . Ž . Ž .Ž .H 0 0 0 0 0 0
0
  Ž . Ž Ž ..LEMMA 2.3 4 . Assume that f n, 0 is n -similar to f n, x n, n , xx  x 0 0
 for n n  0 and x 	  for some constant  0. Then the solution0 0
Ž . Ž .z 0 of 1.4 is hS proided the solution   0 of 1.3 is hS.
Ž . Ž Ž ..THEOREM 2.1. Assume that f n, 0 is n -similar to f n, x n, n , x forx  x 0 0
m Ž .n n  0 and eery x 
 . Then zero solution x 0 of 1.1 is GhS if0 0
Ž . Ž . mand only if there exists a function V n, z defined on  n  such that0
the following properties hold:
Ž . Ž . Ž . mi V n, z is defined on  n  and continuous with respect to0
the second argument.
Ž .   Ž .    Ž . Ž . mii x y 	 V n, x y 	 c x y for n, x, y 
 n  0
m.
Ž .  Ž . Ž .    Ž . miii V n, z  V n, z 	 c z  z for n
 n , z , z 
 .1 2 1 2 0 1 2
Ž . Ž .V n , x  y  h n m mŽ . Ž . Ž .iv 	 for n, x, y 
 n   with x y.Ž . Ž . 0V n , x  y h n
Ž . Ž Ž ..Proof. Necessity. Assume that f n, 0 is n -similar to f n, x n, n , xx  x 0 0
m Ž .for n n  0 and every x 
 . If the zero solution x 0 of 1.1 is0 0
Ž .GhS, then the zero solution z 0 of 1.4 is GhS by Lemma 2.3; i.e., there
Ž .exist a constant c 1 and positive bounded function h n defined on
Ž . n such that0
1 n , n , x 	 ch n h n , 2.3Ž . Ž . Ž . Ž .0 0 0
for every x 
m and n n . Define the function0 0
1V n , x y  sup x n 	 , n , x  x n 	 , n , y h n 	 h n .Ž . Ž . Ž . Ž . Ž .
Ž .	
 0
2.4Ž .
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Then we obtain
 x y 	 V n , x yŽ .
1
	 sup  n 	 , n , x s y x ds  y xŽ . Ž .Ž .H
0Ž .	
 0
 h1 n 	 h nŽ . Ž .
1 	 x y sup sup  n 	 , n ,  h n 	 h nŽ . Ž . Ž .½ 5
Ž . 
D	
 0
  1 1	 x y sup ch n 	 h n h n 	 h n 4Ž . Ž . Ž . Ž .
Ž .	
 0
 	 c x y ,
Ž . Ž . Ž . Ž .by 2.2 and 2.3 . Thus i and ii are satisfied.
Ž . Ž . mWe denote z  x  y , z  x  y for each x , y , x , y 
1 1 1 2 2 2 1 1 2 2
m Ž . . Then it follows from the definition 2.4 that
V n , z  V n , zŽ . Ž .1 2
1 sup x n 	 , n , x  x n 	 , n , y h n 	 h nŽ . Ž . Ž . Ž .1 1
Ž .	
 0
1 sup x n 	 , n , x  x n 	 , n , y h n 	 h nŽ . Ž . Ž . Ž .2 2
Ž .	
 0
 	 c x  y  sup x n 	 , n , x  x n 	 , n , yŽ . Ž .1 1 2 2
Ž .	
 0
1h n 	 h nŽ . Ž .
 sup x n 	 , n , x  x n 	 , n , yŽ . Ž .2 2
Ž .	
 0
1  h n 	 h n  c x  yŽ . Ž . 1 1
     	 c x  y  c x  y2 2 1 1
  c z  z .1 2
Ž .Hence, iii holds.
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Ž .Next, since the solution of 1.1 is unique, we have the following total
difference:
V n , x yŽ .Ž1.1.
 V n 1, x n 1, n , x  x n 1, n , y  V n , x yŽ . Ž . Ž .Ž .
 sup x n 	 1, n 1, x n 1, n 1, xŽ .Ž .
Ž .	
 0
h n 1Ž .
x n 	 1, n 1, x n 1, n 1, yŽ .Ž .
h n 	 1Ž .
1 sup x n 	 , n , x  x n 	 , n , y h n 	 h nŽ . Ž . Ž . Ž .
Ž .	
 0
1	 sup x n 	 , n , x  x n 	 , n , y h n 	 h n 1Ž . Ž . Ž . Ž .
Ž .	
 1
1 sup x n 	 , n , x  x n 	 , n , y h n 	 h nŽ . Ž . Ž . Ž .
Ž .	
 0
h n h n 1Ž . Ž .
	 sup x n 	 , n , x  x n 	 , n , yŽ . Ž .
h n 	 h nŽ . Ž .Ž .	
 0
1 sup x n 	 , n , x  x n 	 , n , y h n 	 h nŽ . Ž . Ž . Ž .
Ž .	
 0
h n 1Ž .
  1 V n , x yŽ .ž /h nŽ .
h nŽ .
 V n , x y .Ž .
h nŽ .
Ž .Therefore iv was satisfied.
Ž .Sufficiency. Assume that the function V n, x y satisfies the prop-
Ž . Ž .erties i  iv .
Ž . Ž .We write x x n, n , x and y x n, n , x , respectively. Then it0 0 0 0
Ž .follows from condition iv of the function V that
V n 1, x n 1, n , x n , n , x  x n 1, n , x n , n , yŽ . Ž .Ž . Ž .Ž 0 0 0 0
h n 1Ž .
	 V n , x n , n , x  x n , n , y .Ž . Ž .Ž .0 0 0 0h nŽ .
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It follows from easy calculation that
V n , x n , n , x  x n , n , yŽ . Ž .Ž .0 0 0 0
n1
1	 h i 1 h i  V n , x  yŽ . Ž . Ž .Ł 0 0 0
in0
1  	 ch n h n x  y .Ž . Ž .0 0 0
Ž . Ž .From this and property ii of V n, x , we have
1  x n , n , x  x n , n , y 	 ch n h n x  y ,Ž . Ž . Ž . Ž .0 0 0 0 0 0 0
m Ž .for every n n , x , y 
 . Hence the zero solution x 0 of 1.1 is0 0 0
GhS.
This completes the proof of the theorem.
Massera type converse theorems for nonlinear difference system via
 n -similarity appeared in Theorem 5 of 4 . Also, we obtain the following
result as a corollary of Theorem 2.1.
COROLLARY 2.1. Let the assumptions of Theorem 2.1 hold. Then the zero
Ž . Ž .solution x 0 of 1.1 is GhS if and only if there exists a function W n, x
Ž . mdefined on  n  such that the following properties hold:0
Ž . Ž . Ž . mi W n, x is defined on  n  and continuous with respect to0
the second argument.
Ž .   Ž .    Ž . Ž . mii x 	W n, x 	 c x for n, x 
 n  .0
Ž .  Ž . Ž .    Ž . miii W n, x W n, y 	 c x y for n
 n , x, y
 .0
Ž . Ž .W n , x  h n mŽ . Ž . Ž .iv 	 for n, x 
 n  with x 0.Ž . Ž . 0W n , x h n
Proof. Define the function
1W n , x  sup x n 	 , n , x h n 	 h n , 2.5Ž . Ž . Ž . Ž . Ž .
Ž .	
 0
Ž . Ž . mfor n, x 
 n  .0
Then, this corollary can be easily proved by following the proof of
Theorem 2.1.
COROLLARY 2.2. Assume that there exist a constant c 1 and a positie
Ž . Ž .function h defined on  n . Then zero solution z 0 of 1.4 is an h-system0
Ž . Ž . mif and only if there exists a scalar function V n, z defined on  n 0
Ž . Ž .which satisfies the properties i  iv of Theorem 2.1.
This corollary can be proved in the same manner as that of Theorem
2.1, so we omit the detail.
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Ž . Ž Ž .. Ž . Ž .COROLLARY 2.3. Assume that for system 1.1 , f n, x n  A n x n
Ž . Ž .and x 0 is hS. Then two Lyapuno functions V, W of 2.4 and 2.5 ,
respectiely, are equal.
Ž Ž .. Ž . Ž .Proof. From the linearity of f n, x n  A n x n , it is obvious that
1V n , x y  sup x n 	 , n , x  x n 	 , n , y h n 	 h nŽ . Ž . Ž . Ž . Ž .
Ž .	
 0
1 sup x n 	 , n , x y h n 	 h nŽ . Ž . Ž .
Ž .	
 0
W n , x y .Ž .
Remark 2.1. We clarify that Theorems 3.1 and 3.2 of Medina’s result in
   8 . We state Theorem 3.1 in 8 : Assume that there exists a positive
Ž .function h : n  and constant c 1 such that0
1 m n 1, n , x 	 ch n h n , n n , x
 .Ž . Ž . Ž .0 0 0 0
Then there exists a function defined by
h nŽ .
V n , x  sup x nm , n , xŽ . Ž .½ 5h nm 1Ž .m0
Ž . Ž .with properties i  iv .
Ž .But, in general, the function V n, x does not satisfy the property
Ž .   Ž .   Ž . Ž . mii x 	 V n, x 	 c x , n, x 
 n  .0
Ž   .We give an example Example 2 of 4 or Example 4.2 in this section .
Ž . Ž n1 Ž .. Ž .Letting h n  exp Ý 
 l with 
 n  0, we obtainl0
h nŽ .
V n , x  sup x nm , n , xŽ . Ž .½ 5h nm 1Ž .m0
nm1exp Ý 
 l xŽ .Ž . nm2ln ŽÝ 
Ž l ..ln sup e
2 nm2 lm0 1 2 x 1Ý exp 2Ý 
 jŽ .' Ž .0 ln j0
  x sup exp 
 nm 1 4Ž .Ž .
m0
  x exp 
 n 1Ž .Ž .
  x , x 0,
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Ž . Ž .by the negative value function 
 n on  0 . This does not satisfy condi-
Ž .tion ii of V.
 Next, we give another example for Theorem 3.2 in 8 . The solution
Ž . Ž . Ž .x n, 0, x of the linear scalar difference equation x n 1  ex n with0
Ž . Ž . nthe initial condition x 0  x is given by x n, 0, x  e x . Thus we have0 0 0
1x n , 0, x  x n , 0, y 	 ch n h 0 ,Ž . Ž . Ž . Ž .0 0
Ž . nwhere c 1 and the function h n  e is positive. Then we have
 x n , 0, xŽ .0 1 n , 0, x  	 ch n h 0 .Ž . Ž . Ž .0  x0
But we easily see that
n1 n 1 n 1, 0, x  e  e  ch n h 0 .Ž . Ž . Ž .0
 Ž . Ž .  Ž . 1Ž .Hence the condition x n, n , x  x n, n , y 	 ch n h n does not0 0 0 0 0
 Ž .  Ž . 1Ž .imply  n 1, n , x 	 ch n h n . Therefore we must replace the0 0 0
Ž . Ž .fundamental matrix  n 1, n , x by  n, n , x in Theorem 3.1 and0 0 0 0
 Theorem 3.2 in 8 .
3. STABILITY FOR THE PERTURBED DIFFERENCE SYSTEMS
Ž .We examine the property of hS for the perturbed difference system 1.2
Ž .of nonlinear difference system 1.1 using Lyapunov’s method and the
comparison principle. To do this, we need the following comparison
 principle due to Lakshmikantham and Trigiante 7 .
Ž .LEMMA 3.1. Let  n, r be a nondecreasing function in r for any fixed
Ž .n
 n . Suppose that for n n , the inequalities,0 0
 n 1 	  n ,  n ,Ž . Ž .Ž .
u n 1   n , u n ,Ž . Ž .Ž .
Ž . Ž . Ž . Ž .hold. Then  n 	 u n implies  n 	 u n for all n n .0 0 0
THEOREM 3.1. Let the assumption of Theorem 2.1 hold. Assume that
Ž . Ž .i the zero solution x 0 of 1.1 is GhS with constant c 1 and the
Ž .positie function h n ,
Ž . Ž .ii the perturbed term g in 1.2 satisfies
   g n , y 	  n , y , n n  0, y  ,Ž . Ž . 0
Ž .   Ž .where  : n   is strictly increasing in u for each fixed n
 n0 0
Ž .with  n, 0  0.
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Consider the scalar difference equation
h nŽ .
u n  u n  c n , u n , u n  u . 3.1Ž . Ž . Ž . Ž . Ž .Ž . 0 0h nŽ .
Ž . Ž .If the zero solution u 0 of 3.1 is hS, then the solution y 0 of 1.2 is
 also hS wheneer y  u .0 0
Ž .Proof. By Corollary 2.1 there exists a function W n, x having four
Ž . Ž .properties. Let y n 1, n, x be the solution of 1.2 with the initial
Ž . Ž . Ž . Ž .condition y n, n, x  x. From the properties iii  iv of W n, x , it
follows that
W n , xŽ .Ž1.2.
W n 1, y n 1, n , x W n , y n , n , xŽ . Ž .Ž . Ž .
W n 1, f n , y n  g n , y n W n , xŽ . Ž . Ž .Ž . Ž .Ž
W n 1, f n , x n , n , x  g n , x n , n , x W n , xŽ . Ž . Ž .Ž . Ž .Ž .
	W n 1, f n , x n , n , x W n , x  c g n , xŽ . Ž . Ž .Ž .Ž
	W n 1, x n 1, n , x W n , x n , n , x  c g n , xŽ . Ž . Ž .Ž . Ž .
 W n , x  c g n , xŽ . Ž .Ž1.1.
h nŽ .
	 W n , x  c g n , x , 3.2Ž . Ž . Ž .
h nŽ .
 for all n n  0 and x  .0
Ž . Ž .From 3.2 and the assumption ii of g it follows that
W n 1, y n 1, n , xŽ .Ž .0
h n 1Ž .
	 W n , y n , n , x  c g n , y n , n , xŽ . Ž .Ž . Ž .0 0h nŽ .
h n 1Ž .
	 W n , y n , n , x  c n , y nŽ . Ž .Ž .Ž .0h nŽ .
h n 1Ž .
	 W n , y n , n , x  c n , W n , y n , n , xŽ . Ž .Ž . Ž .Ž .0 0h nŽ .
  n , W n , y n , n , x .Ž .Ž .Ž .0
Ž . Ž .By Lemma 3.1 with  n W n , x 	 u , we have0 0 0
W n , y n , n , x 	 u n for n n , 3.3Ž . Ž . Ž .Ž .0 0
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Ž . Ž . Ž .where u n is the solution of scalar difference equation 3.1 . From 3.3
Ž . Ž .and property ii of W n, x in Corollary 2.1 it follows that
y n , n , x 	 u n , n , x , for n n .Ž . Ž .0 0 0
Ž .Furthermore, since u 0 of 3.1 is hS, we obtain
1 y n 	 u n 	 c u h n h nŽ . Ž . Ž . Ž .1 0 0
  1   1 c c y h n h n  d y h n h n , n n ,Ž . Ž . Ž . Ž .1 0 0 0 0 0
where d c c 1 is a constant. Therefore the zero solution y 0 of1
Ž .1.2 is hS.
THEOREM 3.2. If the hypotheses of Theorem 3.1 hold and the perturbed
Ž .term g in system 1.2 satisfies
     g n , y 	  n , y  
 n y for n n , y  ,Ž . Ž .Ž . 0
Ž . Ž .h n h nŽ . Ž Ž .. Ž .where 
 n 
 l  n , i.e., Ý 
 n  , then the zero solu-Ž . Ž .1 0 nnh n 1 h n  10
Ž .tion y 0 of system 1.2 is also hS.
Ž .Proof. From 3.1 , we have the scalar difference equation
h n 1Ž .
u n 1  u n  c
 n u nŽ . Ž . Ž . Ž .
h nŽ .
h n 1Ž .
  c
 n u n , u n  u . 3.4Ž . Ž . Ž . Ž .0 0h nŽ .
Then we easily obtain
n1 h s 1Ž .
u n   c
 s u nŽ . Ž . Ž .Ł 0h sŽ .sn0
n1 h s 1 ch sŽ . Ž .
 u n 1 
 sŽ . Ž .Ł0 ž /h s h s 1Ž . Ž .sn0
n1 n1h s 1 ch sŽ . Ž .
 u n 1 
 sŽ . Ž .Ł Ł0 ž /h s h s 1Ž . Ž .sn sn0 0
n1 ch sŽ .1 u n h n h n 1 
 sŽ . Ž . Ž . Ž .Ł0 0 ž /h s 1Ž .sn0
n1 h sŽ .1	 u n h n h n exp c 
 sŽ . Ž . Ž . Ž .Ý0 0 ž /h s 1Ž .sn0
	 c u n h n h1 n , n nŽ . Ž . Ž .1 0 0 0
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Ž .h sŽ Ž ..where c  exp cÝ 
 s  1 is a constant. Thus the zero solu-Ž .1 sn h s 10
Ž . Ž .tion u 0 of 3.4 . Hence the zero solution y 0 of 1.2 is also hS by
Theorem 3.1.
Ž . Ž .REMARK 3.1. If h n is a positive bounded function on  n , then0
Ž .h n is not bounded in general.Ž .h n  1
Ž . Ž n1 . Ž .For example, letting h n  exp Ý s , h n is a positive boundedsn0
Ž . Ž .h n h nŽ . Ž .function on  n but lim  lim exp n  . Thus ifŽ . Ž .0 n nh n 1 h n  1
Ž .h n Ž . Ž Ž ..is bounded, then the condition 
 n 
 l  n in Theorem 3.2 canŽ . 1 0h n 1
Ž . Ž Ž ..be replaced by 
 n 
 l  n .1 0
COROLLARY 3.1. Assume that
Ž . Ž .i the zero solution x 0 of 1.1 is GhSV with the increasing
Ž . Ž .function h n defined on  n ,0
Ž . Ž .  Ž .  Ž .  ii the perturbed term g in 1.2 satisfies g n, y 	 
 n y , for n
  Ž . Ž Ž ..n  0 and y  , where 
 n 
 l  n .0 1 0
Ž .Then the zero solution y 0 of 1.2 is also hS.
Ž .THEOREM 3.3. Let the zero solution x 0 of 1.1 be hSV with the
Ž . Ž .positie bounded function h n defined on  n . Suppose that the perturba-0
Ž .tion term g in 1.2 satisfies
 g n , y 	 
 n for n n , y  ,Ž . Ž . 0
Ž .
 n Ž Ž .. Ž .where 
 l  n . Then the zero solution y 0 of 1.2 is also hS.Ž . 1 0h n 1
Ž . Ž .Proof. The solution of the scalar difference equation 3.1 with  n, u
Ž . 
 n is given by
n1 n1 n1h s 1 h 	 1Ž . Ž .
u n  u n  c
 sŽ . Ž . Ž .Ł Ý Ł0 h s h 	Ž . Ž .sn 	s1sn0 0
n1 h sŽ .1 u n h n h n  c 
 sŽ . Ž . Ž . Ž .Ý0 0 h s 1Ž .sn0
n1ch n 
 sŽ . Ž .01 u n h n h n 1Ž . Ž . Ž . Ý0 0 u n h s 1Ž . Ž .0 sn0
	 c u n h n h1 n , for n n ,Ž . Ž . Ž .1 0 0 0
Ž Ž . Ž ..  Ž Ž . Ž ..where c  1 ch n u n Ý 
 s h s 1 is a constant. Thus1 0 0 sn0
Ž .the zero solution u 0 of 3.1 is hS. Hence the zero solution y 0 of
Ž .1.2 is hS by Theorem 3.1.
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THEOREM 3.4. Assume that
Ž . Ž .i the zero solution x 0 of 1.1 is GhSV with the positie function
Ž . Ž .h n defined on  n ,0
Ž . Ž .ii the perturbed term g in 1.2 satisfies
   g n , y 	 
 n  
 n y for n n , y  ,Ž . Ž . Ž .1 2 0
Ž .1 h nŽ . Ž Ž .. Ž . Ž Ž ..where 
 n 
 l  n and 
 n 
 l  n .Ž . Ž .1 1 0 2 1 0h n 1 h n  1
Ž .Then the zero solution y 0 of 1.2 is also hS.
Ž .Proof. In view of the hypothesis on g n, y it is easy to derive the
scalar difference equation
h n 1Ž .
u n 1   c
 n u n  c
 n , u n  u .Ž . Ž . Ž . Ž . Ž .2 1 0 0h nŽ .
3.5Ž .
Ž . Ž . Ž . Ž . Ž .Then the solution of 3.5 with u n 1  k n u n  p n is given by
n1 n1 n1
u n  u n k s  p s k 	Ž . Ž . Ž . Ž . Ž .Ł Ý Ł0
sn 	s1sn0 0
n1 h s 1Ž .
 u n  c
 sŽ . Ž .Ł0 2h sŽ .sn0
n1 n1 h 	 1Ž .
 c
 s  c
 	 .Ž . Ž .Ý Ł1 2ž /h 	Ž .	s1sn0
Thus we obtain
n1 ch sŽ .1u n  u n h n h n 1 
 sŽ . Ž . Ž . Ž . Ž .Ł0 0 2h s 1Ž .sn0
n1 n1h n h 	Ž . Ž .
 c 
 s 1 c
 	Ž . Ž .Ý Ł1 2ž /h s 1 h 	 1Ž . Ž .	s1sn0
n1 h sŽ .1	 u n h n h n exp c 
 sŽ . Ž . Ž . Ž .Ý0 0 2ž /h s 1Ž .sn0
n1 n1h n h 	Ž . Ž .
 c 
 s exp c 
 	Ž . Ž .Ý Ý1 2ž /h s 1 h 	 1Ž . Ž .sn 	s10
	 c u n h n h1 n ,Ž . Ž . Ž .1 0 0
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where c is a positive constant, i.e.,1
 h sŽ .
c  exp c 
 sŽ .Ý1 2ž /h s 1Ž .sn0
 ch n 
 s h 	Ž . Ž . Ž .0 1 exp c 
 	 .Ž .Ý Ý 2ž /u n h s 1 h 	 1Ž . Ž . Ž .0 sn 	s10
Ž .Hence the zero solution u 0 of 3.5 is hS. Therefore the zero solution
Ž .y 0 of 1.2 is also hS by Theorem 3.1.
4. EXAMPLES
In this section we give some examples which illustrate some results from
the previous sections.
EXAMPLE 4.1. Examples of h-systems are those systems which are
globally exponentially stable in variation, uniformly Lipschitz stable, glob-
 ally uniformly slowly growing in variation, etc. 4, 8, 11 .
 EXAMPLE 4.2 4 . To illustrate Theorem 2.1 we consider the following
nonlinear difference scalar equation
e
Žn.x nŽ .
x n 1  f n , x n  , x 0  x , n 0, 4.1Ž . Ž . Ž . Ž .Ž . 02'1 2 x nŽ .
Ž . Ž . Ž .where 
 n is a function defined on  0 with 0 c
 n for some
Ž . Ž .constant c. Any solution x n, 0, x of 4.1 through the initial point0
Ž .x 0, 0, x  x is given by0 0
exp Ýn1
 l xŽ .Ž .l0 0
x n , 0, x  , n 1,Ž .0 2 n2 l1 2 x 1Ý exp 2Ý 
 jŽ .' Ž .0 l0 j0
2 Ž l Ž .. 1 Ž l Ž ..where Ý exp 2Ý 
 j 1 and Ý exp 2Ý 
 j  0. Then wel0 j0 l0 j0
Ž .can obtain the following two variational equations of 4.1 ,
 n 1  f n , 0  n  e
Žn. n 4.2Ž . Ž . Ž . Ž . Ž .x
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and
z n 1  f n , x n , 0, x z nŽ . Ž . Ž .Ž .x 0
322 n2 l1 2 x 1Ý exp 2Ý 
 jŽ .Ž .0 l0 j0
Žn. e z n , 4.3Ž . Ž .2 n1 l1 2 x 1Ý exp 2Ý 
 jŽ .Ž .0 l0 j0
Ž . 
Žn. Ž 2 .32where f n, x  e  1 2 x . Then the fundamental matrix solu-x
Ž . Ž .tion  n, 0, 0 of 4.2 is given by
n1
 n , 0, 0  exp 
 lŽ . Ž .Ýž /
l0
Ž . Ž .and the fundamental matrix solution  n, 0, x of 4.3 is given by0
 x n , 0, xŽ .0
 n , 0, x Ž .0  x0
exp Ýn1
 lŽ .Ž .l0 .32
2 n2 l1 2 x 1Ý exp 2Ý 
 jŽ .Ž .ž /0 l0 j0
Thus we have
1 n , 0, 0 	 h n h 0 ,Ž . Ž . Ž .
Ž . Ž n1 Ž .. Ž .where h n  exp Ý 
 l . Hence   0 of 4.2 is hS. Also we can easilyl0
Ž . Ž Ž ..show that f n, 0 is n -similar to f n, x n, 0, x with 0
2 n2 l1 2 x 1Ý exp 2Ý 
 jŽ .Ž .0 l0 j0
S n Ž . 2 n3 l1 2 x 1Ý exp 2Ý 
 jŽ .Ž .0 l0 j0
1Ž . Ž .whose inverse S n is bounded. Thus the zero solution z 0 of 4.3 is
Ž .hS by Lemma 2.3, i.e., the zero solution x 0 of 4.1 is GhSV.
Next, letting
V n , x y  sup x n 	 , n , x  x n 	 , n , yŽ . Ž . Ž .
Ž .	
 0
 h1 n 	 h n ,Ž . Ž .
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we have
 x y 	 V n , x yŽ .
 n	1exp Ý 
 l xŽ .Ž .ln sup
2 n	2 lŽ . 1 2 x 1Ý exp 2Ý 
 j	
 0 Ž .' Ž .ln j0
n	1exp Ý 
 l yŽ .Ž .ln 
2 n	2 l 1 2 y 1Ý exp 2Ý 
 jŽ .' Ž .ln j0
exp Ýn1
 lŽ .Ž .l0
 n	1exp Ý 
 lŽ .Ž .l0
1 n 	1ŽÝ 
Ž l ..ln	 sup  n 	 , n , x s y x ds y x eŽ . Ž .Ž .H½ 5
0Ž .	
 0
n	1
 	 y x sup sup  n 	 , n ,  exp  
 lŽ . Ž .Ý½ 5 ž /Ž . 
D	
 0 ln
 	 y x
  c y x ,
Ž .  where c 1 is a constant. In fact, we easily see that V n, x y  x y .
Thus we have
     V n , z  V n , z  z  z 	 c z  zŽ . Ž .1 2 1 2 1 2
for n
 0 , z , z 
.Ž . 1 2
Finally we obtain
V n 1, x n 1, n , x  x n 1, n , yŽ . Ž .Ž .
 x n 1, n , x  x n 1, n , yŽ . Ž .

Žn.  	 e x y
h n 1Ž .
 V n , x y .Ž .
h nŽ .
That is, it is obvious that
h nŽ .
V n , x y 	 V n , x yŽ . Ž .Ž4.1. h nŽ .
for n , x , y 
 n .Ž . Ž .0
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Ž . Ž . Ž .Consequently there exists a function V n, z with the properties i  iv of
Theorem 2.1.
EXAMPLE 4.3. Consider the scalar difference equation
e
Žn.x nŽ .
x n 1  f n , x n  , x 0  x , 4.1Ž . Ž . Ž . Ž .Ž . 02'1 2 x nŽ .
and its corresponding perturbed equation
y n 1  f n , y n  g n , y nŽ . Ž . Ž .Ž . Ž .
e
Žn. y n en y7 nŽ . Ž .
  , y 0  y , 4.4Ž . Ž .062 1 4 y nŽ .'1 2 y nŽ .
Ž . n 7 Ž 6. Ž . Ž .where g n, y  e y  1 4 y and 0 c
 n  n for n
 1 .
Ž . Ž .Then there exists the increasing function  n, r in r for each fixed  0
Ž .with  n, 0  0, i.e.,
n 7e y
n    g n , y  	 e y   n , y .Ž . Ž .61 4 y
Ž .It follows from Example 4.2 that the zero solution x 0 of 4.1 is GhS
Ž . Ž n1 Ž ..with the positive bounded function h n  exp Ý 
 l . Thus we easilyl0
see that
h nŽ . n Ž
Žn.n.e  e 
 l  1 ,Ž .Ž .1h n 1Ž .
Ž . Ž .by 0 c
 n  n for n
 1 . Hence the perturbation term g of
Ž .4.4 satisfies the hypotheses of Theorem 3.2. Therefore the zero solution
Ž .y 0 of 4.4 is hS by Theorem 3.2.
EXAMPLE 4.4. Consider the scalar difference equation
e1 x nŽ .
x n 1  f n , x n  , x 0  x , 4.5Ž . Ž . Ž . Ž .Ž . 02'1 2 x nŽ .
and its corresponding perturbed equation
y n 1  f n , y n  g n , y nŽ . Ž . Ž .Ž . Ž .
e1 y nŽ .
  
 n , y 0  y , 4.6Ž . Ž . Ž .02'1 2 y nŽ .
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Ž . Ž .  n1 Ž .where g n, y  
 n and Ý e 
 n  . Then the fundamental ma-n0
Ž . Ž .trix solution  n, 0, x of 4.5 satisfies the inequalities0
exp nŽ .
 n , 0, x Ž .0 322 n21 2 x 1Ý exp 2 l 1Ž .Ž .Ž .0 l0
n  	 L , for n n  0, x  ,0 0
1 Ž .where L 1 and 0   1. Hence the zero solution x 0 of 4.5 ise
Ž .GESV. Hence the zero solution y 0 of 4.6 is GESV by Theorem 3.3.
Ž . Ž .  Ž . Furthermore, the solution y n, 0, y of 4.6 satisfies y n, 0, y  0 as0 0
n .
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